Kinetic shear Alfven (KSA) modes in tokamak plasmas (with or without temperature gradient) are investigated in the full gyro-kinetic limit, numerically. It is shown that, with the presence of ion temperature gradient (ITG), the threshold value of plasma pressure gradient is well below that for ideal magneto-hydrodynamic (MHD) ballooning instability. It is also demonstrated in a more general sense that, without ITG, the former is identical with the latter. The electromagnetic instability is also found to exist in the second stable region for the ideal modes. The results are compared with previous similar analyses. Possible correlation of the instability with tokamak experiments is discussed.
I. Introduction
In a tokamak plasma, shear Alfven waves (SAWs) are generally characterized by a continuous spectrum with gaps, due to poloidal symmetry breaking. For low frequencies, \uo\ <C \U>A\ = VA/QRQ, it has been shown that the SAW continuum can become unstable due to finite ion temperature gradient. 1 Here, VA is the Alfven speed, q and i?o are the safety factor and the major radius of the flux surface, respectively. Recently, it has been shown, with the multiple scale asymptotic technique, that discrete modes may exist in an unstable shear Alfven continuous spectrum, due to finite ion Larmor radius (FLR) and finite drift-orbit width (FOW) effects, in tokamak plasmas which are stable with respect to ideal MHD instabilities. 2 These modes are shown to be driven by ion temperature gradient and are, thus, called Alfvenic ion temperature gradient (AITG) modes. It is also emphasized in Ref.
2 that AITG modes are unstable only when ion temperature gradient is high enough and the plasma is sufficiently close to the ideal MHD stability margin, due to the assumptions of finite but small ion Larmor radius and orbit width employed in the analytical theory.
AITG instabilities appear due to the effects of ion compressibility on the shear Alfven waves. 3 These modes may also be understood as the result of the coupling between kinetic ballooning modes (KBM) 4 and beta-induced Alfven eigen-modes (BAE) 5 ' 6 . In addition, they may have a significant impact on plasma confinement when enhanced by an energetic particle population. It was demonstrated by Cheng 8 and Hong 9 et al. for a special case that the critical j3 for the kinetic shear Alfven (KSA) branch is identical to the ideal MHD /3 C for r/i = 0. Here, rn is temperature gradient parameter defined late. For finite r^, it is found that KSA modes are unstable when the plasma pressure gradient is slightly below the threshold value for ideal MHD ballooning modes to be unstable. 8 ' 10 Recently, the KSA modes driven by ion temperature gradient have been studied with integral eigen-mode equations including full ion kinetics. 11 One of the conclusions from the study is that for finite r/i, the modes driven by an ion temperature gradient are unstable when the plasma pressure gradient is well below the threshold value for ideal MHD ballooning instability to be unstable. The subject is restudied with more accurate numerical schemes and extended to the second stable region for the ideal MHD ballooning modes in the present work. It is also generally demonstrated in detail that the threshold a c for the modes studied in this work is the same as that for ideal modes when r]i=0 and UJ = CJ*J. Here, a = (3iq 2 [l + r]i + Ti(l + r) e )]/e n is the plasma pressure gradient parameter, u;*, is the ion diamagnetic drift frequency; all symbols have their usual meanings and expressions for each of them will be given late. The differences between present approach and the previous studies 8 ' 10 are also discussed.
The remainder of this work is organized as follows. The physical model employed is described in Section II. The coupled integral eigen-mode equations with a brief derivation are presented in Section III. The numerical results for KSA ballooning modes with and without temperature gradient effects are presented and compared with the previous similar studies in Section IV.
Section V is devoted to the conclusions of this work. A possible correlation of these results with tokamak plasma energy and particle confinement is also discussed in this Section.
II. Physics Model
A toroidal configuration of axis-symmetric circular flux surfaces with Shafranov shifts (s -a model) is adopted. The ballooning representation is used so that the linear mode coupling due to the toroidal magnetic configuration is taken into account. The complete gyro-kinetic description is employed for ions. The full ion transit k\\v\\ and finite Larmor radius effects are retained while the ion magnetic trapping is neglected. The curvature and magnetic gradient drifts UJD (V\, v?*, 9) of ions are included. For ion dynamics, the model employed in the present work is more exact than that in Refs. 8 and 10. The approximations such as vu qR
and the perturbative treatment of the UJ^ term used in Refs.8 and 10 are not employed here. In particular, the resonance condition (u> ~ tODi) would then imply oopi 3> toti or k±pi 3> 1; which should render the instability relatively weak due to the finite Larmor radius effects.
The electron response is, under the ordering UJ « \k\\Vt e \, calculated to the first order, i.e., the electrons are assumed to be massless. Electron magnetic trapping is also neglected.
III. Integral Eigen-mode Equations
Suppressing the compressional Alfven waves, the dynamics of low frequency electromagnetic perturbation in inhomogeneous low-/? plasmas is described by the quasi-neutrality condition
and the parallel component of Ampere's law Here, the perturbed particle density h s is given by
while the parallel component of perturbed current density from the electrons and ions are given 
-oo •'-oo where ( and 6' are the toroidal and extended poloidal angles, respectively, has been used in deriving Eq.(6) and the usual s -a equilibrium model with circular flux surfaces has been employed.
Eq.(6) can easily be integrated with the boundary condition h s (9) = 0 as 6 -> -sgn(t>||)oo.
The perturbed particle and current densities are obtained from Eqs. (3) and (4) as follows:
Substituting Eqs. (8) (9) (10) (11) into the quasi-neutrality condition, Eq.(l), and the parallel component of Ampere's law, Eq.(2), we can straightforwardly derive the following two coupled integral eigen-mode equations:
-oo
where <j)(k) and A\\(k) are the extended Fourier components (in ballooning space) of <f>(r) and (Wc)i||(r), and
-k'
The quantities k,k' and A; are normalized to p s x = eB/c\/2T e irii, x is normalized to p s , and Ij(j = 0,1) is the modified Bessel function of order j. In addition, all the symbols have their usual meanings such as the L n and L p i are the density and ion pressure gradient scale lengths, respectively; L^'s are the temperature scale lengths, q is the safety factor, s" = rdq/qdr is the magnetic, m's and T's are the mass and temperature, respectively.
The pressure gradient parameter a is not independent and may be expressed with the other parameters as
forT e (r)=T i T i (r).
IV. Numerical Results
The coupled integral equations, Eqs. (12) and (13), have to be solved numerically. The numerical codes for the study of toroidal electrostatic 12 and sheared slab electromagnetic ITG modes 13 have been extended to investigate low-/? electromagnetic eigen-modes in a torus. The detailed schemes for solving such equations are well documented in Refs. 12 and 13 and will not be repeated here. Only a brief outline will be given instead.
In solving the eigen-value problem of Eqs. (12) and (13), we have used the Rayleigh-Ritz method. 14 For an eigen-value problem
where if is a linear symmetric operator, A is an eigen-value, and / is the corresponding eigenfunction, a functional may be constructed:
Suppose / satisfies Eq. (22) for some A, if we set u = f + e, then
It is obvious from Eq.(24) that the accuracy for the eigen-value is e 2 for an error e in the eigen-function.
An approximate solution of Eqs. (12) and (13) 
The eigen-value u) (the frequency and growth rate of the mode) is determined by
In practice two kinds of basic functions are chosen. 
Temperature gradient effects
The physics with ion temperature gradient is studied in detail in Refs. and rj e effects separately first.
rji variation
Shown in Fig. 1 The results in Figs. 1 and 2 are reasonable physically. The KSA modes are essentially driven unstable by plasma (ion or electron) pressure gradient. As a result, the temperature gradient of either ions or electrons must have destabilizing effects on the modes. The difference is in the effects on the real frequency, rji pushes the mode to rotate in the ion direction while rj e pushes it the opposite. In addition, it must be emphasized that the modes are mainly driven by ion temperature gradient as can be seen from Figs. 1 and 2 . The driving from r/i is much stronger than that from r/ e . This is partly due to that the ions are considered in the full gyro-kinetic limit while the electrons are assumed to be massless, and that the modes of kffp s < 1 are investigated here. Fig. 3(a) is qualitatively in agreement with that in Fig. 1(6) of Ref. 10 . The mode starts to grow at some low a first and then saturates. At higher a, the mode does not become stable as expected for ideal MHD ballooning instabilities. However, the differences between the results here and those in Ref. 10 are quantitatively explicit. We note that the mode starts to grow at a ~ 0.33 and the growth rate reaches the maximum 7 ~ 0.12 at a ~ 0.7, then decreases and reaches a half of the maximum at a ~ 0.9 in Ref. 10 . In contrast, the mode starts to grow at a ~ 0.2, the growth rate reaches the maximum 7 ~ 1.55 at a ~ 2.0 and keeps a significant portion of this value when a is as high as 3. The real frequancy increases with a increasing in both cases. However, for a = 3.0, it is two times higher here than that in Ref. 10 .
Finite Larmor radius effects
The eigen-functions we obtained for the parameters in Fig. 3 are given in Fig. 4 . The differences between the mode structures here and in Ref. 10 are significant. The peaks of the eigen-functions always appear at 9 = 0 here while they are far off the 9 = 0 points in Ref. 10 . In addition, The eigen-functions in the latter are much broader than those in this work for higher a, say a > 1.2.
the reasons for the differences between the results obtained here and in Ref. 10 are hard to identify right now. The modes studied here may be a different branch from that in ref. 10 , or they are the same physical modes and the differences are due to the models representing the subject. In either case, the results obtained in this work are important for further study of the subject, especially considering that there are a variety of gyro-kinetic particle simulation projects on the same subject on going in the magnetic fusion community.
Results without temperature gradient
It is shown in Refs. 8 and 9 that, for r/i = 0, under the approximations employed there, the critical [3 for the kinetic shear Alfven (KSA) branch is identical to the ideal MHD /3 C . In addition, the real frequency of the mode always reaches the ion diamagnetic drift frequency at this critical (3 point. These conclusions are also valid from the full gyro-kinetic integral equation analysis. It is clearly shown with the curves in Fig. 5 that the mode becomes marginally stable and the real frequency reaches the ion dianiagnetic drift frequency when (3 approaches the critical value for ideal MHD ballooning instability, (3 C ~ 1%. 8 Here, for comparison, the parameters are Vi = lie = 0) S~= 0.5, e n = 0.2, q = 2.0, TJ = 1, fce/9 s = V^2 which are exactly the same as that used in Fig. 2 which is equivalent to <f> = ip and, therefore, the parallel electric field E\\ =0, the ideal MHD approximation. Here,
•I oo C Substituting this condition into Eq. (13) 
Revised results for AITG modes
The KSA modes driven by ion temperature gradient have been studied with integral eigenniode equations including full ion kinetics. 11 One of the conclusions from the study is that for finite r/i, the modes driven by an ion temperature gradient are unstable when the plasma pressure gradient is well below the threshold value for ideal MHD ballooning instability to be unstable. It is found out in the processing of benchmark the code with the ideal MHD case that the numbers for the growth rate and real frequency need to be revised while the conclusions in Ref.
11 are qualitatively correct.
Shown in Fig. 6 are the mode growth rate (a) and real frequency (6) as functions of a for r]i=2.5 (the line with diamonds), 1.0 ( the line with crosses) and 0.0 (the line with triangles). The accuracy and convergency of the numerical schemes are checked again with the rn = 0 case. In this case, it is found that the mode becomes marginally stable at a = a c = 0.63 that is identical with the threshold value for ideal MHD ballooning instabilities (s = 1), and that the real frequency of the mode reaches the ion diamagnetic frequency (ui/oj* e ~ -1). For r/i / 0, the modes are unstable even when the plasma pressure gradient parameter a is well below a c . The modes are driven unstable by the ion temperature gradient and, therefore, naturally called Alfvenic ion temperature gradient (AITG) modes in this parameter domain. The real frequancy of the AITG modes are generally greater than the ion diamagnetic drift frequancy.
Results in higher j3 regime
The study for AITG mode is extended to higher (3 regime and the results are presented in this Subsection. The growth rate (a) and real frequancy of the mode, normalized to the Alfven frequancy UJAJ are shown in Fig 7 as functions of a. For rn = 0, the mode becomes marginally stable and the real frequancy reaches the ion diamagnetic drift frequancy again when the plasma pressure gradient parametera approaches the up limit (a ~ 2.6 for s = 1.0) for the ideal MHD ballooning instability. For rn / 0, the AITG modes are unstable with significant growth rate values in the second stable region for the ideal MHD modes. In addition, the real frequency of the mode is comparable with the Alfven frequency U>A in the higher (3 parameter regime. This may make the AITG modes more interesting due to a possible coupling to the kinetic toroidicity induced Alfven eigen-mode (KTAE) which has been under intense investigation in the recent decade.
It is possible that the modes become stable at much higher (3 values where the perturbations for the parallel component of the magnetic field has to be taken into account and the model employed in this work is not sufficient to describe the full dynamics.
V. Conclusions and discussions
The KSA instabilities for plasmas with or without ion temperature gradient are investigated numerically. The results are compared with and shown to be significantly different from the previous similar analyses. It is shown that rji has destabilizing effects on KSA modes when r] e is fixed. This is a complement to the previous study 11 and in contrast with the results in Ref. 8 .
The structure of eigen-functions obtained in this work are significantly different from that in Ref. 10 . It is confirmed that, for rn / 0, the modes are unstable even when the plasma pressure gradient parameter a is well below a c , the critical value for ideal MHD ballooning modes to be unstable. The modes are driven unstable by ion temperature gradient in this parameter domain and are naturally called AITG.
The study for AITG modes is extended to higher /3 regime and proven to be unstable in the second stable region for the ideal MHD modes when r/i / 0. The real frequency of the modes is comparable with the Alfven frequency U>A m the higher (3 parameter regime. This may make the AITG modes more interesting due to a possible coupling to the kinetic toroidicity induced Alfven eigen-mode (KTAE).
Considering the experimental observations of large energetic ion loss due to SAWs with frequencies lower than that of TAE 16 , the KSA instabilities may have significant implications to the confinement of both energetic and thermal particles (ions and electrons) in finite-/? plasmas. 
